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THE WEIL-PETERSSON CURRENT
ON DOUADY SPACES
REYNIR AXELSSON AND GEORG SCHUMACHER
Abstract. The Douady space of compact subvarieties of a Ka¨h-
ler manifold is equipped with the Weil-Petersson current, which is
everywhere positive with local continuous potentials, and of class
C∞ when restricted to the locus of smooth fibers. There a Quillen
metric is known to exist, whose Chern form is equal to the Weil-Pe-
tersson form. In the algebraic case, we show that the Quillen metric
can be extended to the determinant line bundle as a singular her-
mitian metric. On the other hand the determinant line bundle can
be extended in such a way that the Quillen metric yields a singular
hermitian metric whose Chern form is equal to the Weil-Petersson
current. We show a general theorem comparing holomorphic line
bundles equipped with singular hermitian metrics which are iso-
morphic over the complement of a snc divisor B. They differ by
a line bundle arising from the divisor and a flat line bundle. The
Chern forms differ by a current of integration with support in B
and a further current related to its normal bundle. The latter cur-
rent is equal to zero in the case of Douady spaces due to a theorem
of Yoshikawa on Quillen metrics for singular families over curves.
1. Introduction
The use of the Weil-Petersson metric on a moduli space is the key
method to apply complex analytic and geometric methods. As the
Chern form of a Quillen metric on a certain determinant line bundle,
the Weil-Petersson form provides a link to methods of Algebraic Ge-
ometry.
In 1985 Wolpert showed [Wo] that Mumford’s line bundles λp,n on a
moduli space Mp,n of (punctured) Riemann surfaces possess a Quillen
metric whose Chern form is equal to the classical Weil-Petersson form.
Moreover, he showed that the local potentials for the Weil-Petersson
forms extend to the Deligne-Mumford compactification of the moduli
space in a continuous way such that the curvature current is strictly
positive. He applied Richberg’s argument from [Ri] to approximate
the corresponding singular hermitian metric by a metric of class C∞
with strictly positive curvature form, thus giving an analytic proof of
Mumford’s ampleness theorem for λ from [M].
These results serve as a guiding principle for the analytic inves-
tigation of moduli spaces in higher dimensions. The analytic tor-
sion for ∂-operators over Riemann surfaces was studied by Zograf and
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Takhtadzhyan in [ZT]. The general result for determinant line bun-
dles for proper, smooth maps and hermitian vector bundles is due to
Bismut, Gillet, and Soule´ [BGS].
Based upon the results from [BGS] for moduli spaces of algebraically
polarized extremal, compact Ka¨hler manifolds, a determinant line bun-
dle was constructed, together with a Quillen metric, whose Chern form
is the generalized Weil-Petersson form [FS]. Included are moduli spaces
of canonically polarized manifolds and moduli of polarized Calabi-Yau
manifolds. In [Sch1] it was shown that a the Weil-Petersson form ex-
tends as a positive current to a suitable compactification of the moduli
space, and that the determinant line bundle can be extended as a holo-
morphic line bundle, whose curvature current is positive and extends
the Weil-Petersson form. Similar constructions were carried out for
moduli spaces of stable vector bundles [BS1], moduli spaces of Higgs
bundles [BS3], and other cases such as Hurwitz spaces [ABS].
In this article we will study Douady spaces [Do]. A Weil-Petersson
form for the space of compact submanifolds of a Ka¨hler manifold was
constructed in [BS2], and further results given in [AS]. We will use
Yoshikawa’s theorem [Yo] on the singularities of Quillen metrics in an
essential way.
Given a Ka¨hler manifold (Z, ωZ) and an embedded family of sub-
spaces X ⊂ Z × S like in (5), the geodesic curvature at a tangent
vector v = ∂/∂s of S is the pointwise ωZ-norm of the horizontal lift of
v, and its integral over the fiber defines the Weil-Petersson norm of v.
If ωX is the closed form on X that is induced by ωZ , then the Weil-
Petersson form satisfies a fiber integral (8), which is also meaningful
when singular fibers are included. A theorem of Varouchas [Va1, Va2]
implies that the fiber integral possesses continuous, plurisubharmonic
local potentials. We apply the theorem of Bismut, Gillet, and Soule´ to
prove that a certain determinant line bundle carries a Quillen metric,
whose curvature form is equal to the Weil-Petersson form.
So far this relation between Quillen metric on the determinant line
bundle and Weil-Petersson form only exists over the locus of smooth
fibers. The determinant line bundle exists also over the whole com-
ponent of the Douady space, and the Weil-Petersson form exists as a
current.
In [Sch1, Sch2] we showed a result about the extension of a holomor-
phic line bundle, equipped with a (singular) hermitian metric provided
the curvature can be extended as a current. In this process the com-
pactifying set of the underlying space may have to be blown up.
Let D be a component of the Douady space having a non-empty
intersection with the locus of smooth fibers. In our situation we have
two holomorphic line bundles equipped with hermitian metrics on D:
One line bundle is the determinant line bundle (called λ(ξ)) for the
universal family over D, and one can see that the Quillen metric hQξ
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defines a singular hermitian metric on λ(ξ), whose curvature need not
be positive. On the other hand we are given an extension of the de-
terminant line bundle over the locus D′ ⊂ D of smooth fibers, based
upon the Weil-Petersson current. (Here a blow up τ : D˜ → D of the
locus of singular fibers in D might be necessary — the locus of singular
fibers being replaced by a simple normal crossings divisor B.) These
holomorphic line bundles differ by a certain factor. For such situations
we prove the following result (cf. Theorem 8.6):
Theorem. Let Z be a complex manifold and B ⊂ Z a smooth hypersur-
face. Let (L , h) be a holomorphic line bundle on Z, whose restriction
to Z ′ = Z \B is isomorphic to the trivial line bundle (OZ′, 1) carrying
the trivial hermitian metric. Then
L ≃ OZ(β · B)⊗ L,
where β is a rational number, and L a flat line bundle.
There exists a holomorphic section v of the normal bundle NB|Z such
that the Chern current satisfies
c1(L , h) = β[B] + Tv
where [B] is the current of integration and
Tv(ϕ) = Sv(dϕ)
with
Sv(ψ) =
∫
B
Re(v) xψ.
In particular, the current Tv with support in B is exact.
Our main application (cf. Theorem 9.3) concerns the case, where Z
is a projective manifold:
Theorem. Let λ(ξ) be the determinant line bundle on D. Let τ : D˜→
D be a modification of the locus of singular fibers as above. Then there
exists a holomorphic line bundle L, whose restriction to D˜\B is trivial,
together with real numbers β˜i and m ∈ N such that
λ⊗m
D˜
= τ ∗λ(ξ⊗m)⊗O
D˜
(∑
β˜j ·Bi
)
L.
The line bundle L pulled back to a desingularization µ : D̂ → D˜ of
the logarithmic pair (D˜, B) is flat. The Chern current of (λ(ξ), hQξ )
satisfies
ωWP
D̂
= µ∗τ ∗c1(λ(ξ), h
Q
ξ ) +
∑
γi[B̂i], γi ≥ 0,
where the [B̂i] denote the currents of integration along the components
B̂i of the snc divisor µ
∗(B).
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The proof requires Yoshikawa’s theorem about the singularities of
Quillen metrics [Yo] for families over curves with smooth total space,
which in our case allows logarithmic poles for − log hQξ but no simple
poles along the divisor B so that the current Tv from the previous
theorem is not present.
2. Infinitesimal theory of Douady spaces – Notions
Let (X,OX) be a complex space and F a coherent OX-module. We
will use the notion of a small extension of OX by F in the sense of
sheaves of analytic algebras. A small extension is defined by an exact
sequence
(1) 0→ F α−→ OY µ−→ OX → 0,
such that (X,OY ) is a complex space and
(2) a · α(m) = α(µ(a) ·m) for all m ∈ F , a ∈ OY .
Equivalence classes of small extensions are defined by isomorphisms of
short exact sequences (1) that are equal to the identity on F and OX .
For F = OX such equivalence classes are known to correspond to
the space of isomorphisms classes of infinitesimal deformations i.e. de-
formations of (X,OX) over the double point ({0},C[t]/(t2)).
Let X ⊂ Z be an embedding between (compact) complex manifolds,
and OX = (OZ/IX)|X . The following defines a small extension:
0→ IX/I 2X → OZ/I 2X → OX → 0.
Then for any OX-linear map ψ : IX/I
2
X → OX the fibered sum
(3) IX/I
2
X
//
ψ

OZ/I
2
X

OX
// OX = OX ⊕IX/I 2X (OZ/I 2X)
defines a small extension of the form
(4) 0 // OX
α // OX
µ // OX // 0
OZ
OObb❉❉❉❉❉❉❉❉
i.e. an infinitesimal deformation of the embedding X →֒ Z with Z
fixed.
Conversely given a small extension of type (4), the map OZ → OX
gives rise to a morphism ψ : IX/I
2
X → OX , which in turn determines
OX as a fibered sum as in (3).
Altogether we have an identification of the space of infinitesimal
deformations with H0(X,H omOX (IX/I
2
X,OX)), which is equal to
the space H0(X,NX|Z) of holomorphic sections of the normal bundle.
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In [Do] Douady provided the set of compact, complex analytic sub-
spaces of a given complex space Z with a natural complex structure.
More precisely, he considered the functor that assigns to any complex
space S the set of embedded, proper, flat holomorphic families
(5) Y 
 i //
f

Z × S
pr2
{{✇✇
✇✇
✇✇
✇✇
✇
S
(where pr2 denotes the projection onto the second factor). The functor
assigns to any holomorphic map R→ S the pullback of a given family
over R:
YR := Y ×S R

// Y
f

R // S
According to Douady’s theorem the above functor is representable by
a complex space, the Douady space.
Of particular interest is the situation, where (Z, ωZ) is a compact
Ka¨hler manifold, and DZ the Douady space of compact subspaces of
Z. Here, we consider this functor on the category of reduced complex
spaces, and all parameter spaces including the Douady space itself will
always be a reduced complex spaces. For our later purposes it turns
out that it is sufficient to study normal parameter spaces.
Given a family (5) and a point s0 ∈ S with smooth fiber X = Ys0 =
f−1(s0), the above argument defines the Kodaira-Spencer map
ρs0 : Ts0S → H0(X,NX|Z).
The Kodaira-Spencer map can be computed as follows: Since the nor-
mal bundle NX|Y is trivial, we get
(6) 0 // TX // TY |X νY //
q∗

Ts0S ⊗C OX //
ρ

0
0 // TX // TZ |X νZ // NX|Z // 0
where TX etc. denote the sheaves of holomorphic vector fields, and
q = pr1 ◦ i. Now the morphism ρ applied to global sections defines the
Kodaira-Spencer map ρs0 .
3. Geodesic curvature and Weil-Petersson form
The notion of a (generalized) Weil-Petersson form for holomorphic
families is closely related to the existence of distinguished Ka¨hler met-
rics on the fibers. The original definition by A. Weil for compact Rie-
mann surfaces uses the Poincare´ metrics on the fibers: The correspond-
ing L2-inner product is defined in terms of harmonic Kodaira-Spencer
6 REYNIR AXELSSON AND GEORG SCHUMACHER
tensors. For families of canonically polarized manifolds the unique Ka¨h-
ler-Einstein metrics of constant Ricci curvature equal to −1 is taken,
and again the L2-inner product of harmonic Kodaira-Spencer tensors
yields a Ka¨hler metric on the parameter space.
It turned out that for (effectively parameterized) holomorphic fami-
lies f : X → S of canonically polarized manifolds the induced hermit-
ian metric on the relative canonical bundle KX /S is strictly positive
with curvature form ωX such that for all fibers Xs = f
−1(s), s ∈ S
the restrictions ωX |Xs are the original Ka¨hler-Einstein metrics on the
fiber [Sch1].
We note that by definition a Ka¨hler form on a reduced complex space
has local ∂∂-potentials of class C∞ given locally on a smooth ambient
space. By definition it is positive definite on all Zariski tangent spaces.
The pair (X , ωX ) will be called a Ka¨hler space.
In such a situation the notion of the (generalized) geodesic curvature
is meaningful. We will describe the general approach.
Let f : X → S be a proper, smooth, holomorphic map of reduced
spaces, and ωX a Ka¨hler form.
Let si be coordinates on a locally given smooth ambient space of S
near a given point s0 ∈ S, and zα, α = 1, . . . , n coordinates on Xs0
such that (z, s) serve as local coordinates on X with f(z, s) = s. Let
ωX =
√−1
(
gids
i ∧ ds + gαdzα ∧ ds + giβdsi ∧ dzβ + gαβdzα ∧ dzβ
)
Definition 3.1. Let ∂/∂si|s0 ∈ Ts0S be a tangent vector. Let
vi =
∂
∂si
+ aαi
∂
∂zα
be the differentiable vector field on Xs0 with values in TX that is per-
pendicular to the fiber Xs0 with f∗(vi) = ∂/∂s
i. Then vi is called the
horizontal lift of ∂/∂si.
Note that a simple calculation shows
(7) gαβa
α
i = −giβ.
Definition 3.2. The pointwise inner product of horizontal lifts with
respect to ωX
ϕi = 〈vi, vj〉ωX
is called geodesic curvature.
The following equation holds
ϕi = gi − gαβaαi aβ .
Remark 3.3. For s0 ∈ S the geodesic curvature is a family of hermit-
ian inner products on Ts0S depending in a C
∞ manner on the points
of the fiber Xs0.
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Remark 3.4. Both the definition of a horizontal lift of a tangent vec-
tor, and the definition of the geodesic curvature, are meaningful on the
smooth locus of a fiber Xs.
Note that for families of compact (punctured) Riemann surfaces and
canonically polarized varieties the Weil-Petersson form
ωWP =
√−1GWPi (s) dsi ∧ ds
can be computed in terms of the geodesic curvature (cf. [Sch1]):
GWPi =
∫
Xs
ϕi(z, s) ω
n
Xs
, n = dimXs.
For differential forms η, and m ∈ N we set ηm = (1/m!)η ∧ . . . ∧ η.
We have
ωn+1
X
= ϕi
√−1dsi ∧ ds ∧ ωnX ,
up to contributions whose integrals along fibers of f vanish.
Proposition 3.5 ([Sch1, BS2, AS]). Let f : X → S b e a proper,
smooth holomorphic map with fiber dimension n, and ωX be any Ka¨h-
ler form ωX . Define ω
WP in terms of the geodesic curvature as above.
Then a fiber integral formula
(8) ωWP =
∫
X /S
ωn+1
X
holds. In particular ωWP is a closed form on S.
Note that the above formula holds for (reduced) singular base spaces.
In fact, only the first infinitesimal neighborhood of a point in S matters
for the proof.
A fiber integral like (8) already appeared in the algebraic context of
[AN]. Later it appeared in [Va1, Va2, FS], whereas in [Ca, F2] a more
general situation was considered.
In [BS2, AS] we introduced the approach via geodesic curvatures
to Douady spaces, more precisely to the open subspaces with smooth
fibers.
In a sequence of articles [F1, F2, F3], Fujiki studied Douady and
Barlet spaces. We will need the following version of [F2, Theorem 5.3]:
Theorem 3.6 (Fujiki). Let (Z, ωZ) be a compact Ka¨hler manifold.
Then all irreducible components Dα of the Douady space DZ are com-
pact.
Let (Z, ωZ) be a compact Ka¨hler manifold, and D ⊂ DZ an irre-
ducible component of the (reduced) Douady space, such that the locus
D′ ⊂ D of points with smooth fibers is non-empty. Denote by n the
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dimension of the fibers Xs for s ∈ D. We consider the universal family
(9) X ′ 
 i′ //
f ′

X

 i //
f

Z ×D
pr2{{✈✈
✈✈
✈✈
✈✈
✈
D′ 
 // D
Set ωX = i
∗pr∗1ωZ , where pr1 : Z×D→ Z is the projection. The forms
ωX and ω
n+1
X
locally are restrictions of C∞ forms on smooth ambient
spaces. With this setting Proposition 3.5 holds for the Weil-Petersson
form ωWP
D′
on D′:
The form ωX need not be strictly positive in all directions, but only
semi-positive. However, since all fibers of f are subspaces of Z, the form
ωX is strictly positive when restricted to fibers. This fact guarantees
the existence of horizontal lifts of tangent vectors at regular points
of the fibers by (7). However, the pointwise ωX -norms of horizontal
lifts need not be bounded. Now, if a ωWP-degenerate tangent vector
with horizontal lift v existed (over the regular locus of the fibers),
the corresponding geodesic curvature would have to vanish identically
at all smooth points of the fiber, because it has to be semi-positive
everywhere. It follows from the construction that the projection pr1∗i∗ :
TXs,x → TsS applied to v would vanish for all points x ∈ Xs. Hence
i∗v(x) would be horizontal in Z×D, which means that the given tangent
vector would have a holomorphic lift, and the deformation would be
infinitesimally trivial in the given direction. The above construction is
compatible with base change. Altogether we note that the Weil-Peters-
son form is strictly positive in the sense of currents at all points, whose
fibers are reduced (or have at least one reduced irreducible component).
4. The Weil-Petersson current
We consider the universal family (9) over an irreducible component
D of the Douady space DZ .
In [AS, Theorem 2.4.1] we extended the Weil-Petersson form given
on the space given on the smooth locus D′ of f to the whole of D,
and showed that the extended form ωWP
D
possesses locally plurisub-
harmonic, continuous ∂∂-potentials. We indicate briefly our argument,
which is based upon a theorem by Varouchas.
Theorem 4.1 ([Va2, Theorem 2]). For any s ∈ D there exists an open
neighborhood S ∋ s and a differential form ψ of degree (n, n) on f−1(S)
of class C∞ (being the restriction of a differentiable form on a smooth
ambient space) such that
√−1∂∂ψ = ωn+1
X
|f−1(S).
We will be interested in the fiber integral/push forward of such an
(n, n)-form ψ. In the case that Z is a projective space Andreotti and
Norguet showed in [AN] that the fiber integral of ψ defines a continuous
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function χ(s). A more general case was treated by Stoll in [St] (cf. also
the results in [F2]).
Our aim is to interpret the fiber integral
(10)
∫
X /D
ωn+1
X
as Weil-Petersson current ωWP = ωWP
D
. By the above theorem it has a
plurisubharmonic potential and hence can be pulled back under proper
holomorphic maps.
Proposition 4.2 (cf. [AS, Theorem 2.4]). The fiber integral (10) de-
fines a positive current with local, continuous potentials on each compo-
nent D of DZ. The current will be called Weil-Petersson current and
denoted by ωWP . The construction is functorial, i.e. compatible with
base change as long as the general fiber is smooth.
Proof. We know that the push forward of the current ωn+1
X
is positive
in the sense of currents.
The claim being local with respect to the vase space D, we can
replace D by an open subset U ⊂ D, where a Ka¨hler form ωU exists.
We set XU = f
−1(U). With the notion of (9) the form pr∗1ωZ +pr2
∗ωU
is a Ka¨hler form on Z ×U so that ωX |XU + f ∗ωU is a Ka¨hler form on
f−1(U). Now Theorem 9 implies that the following current possesses
continuous local
√−1∂∂-potentials.∫
XU/U
(ωX |U + f ∗ωU)n+1 =
∫
XU/U
ωn+1
X |U +
∫
XU/U
(ωnX |U ∧ f ∗ωU)
= ωWPU + vol(Xs)ωU .
The latter equality holds because of the existence of continuous
√−1∂∂-
potentials. This shows the claim. The construction of the Weil-Peters-
son current is clearly functorial in the stated sense – here we need the
fact that continuous local potentials for ωWP exist so that pull-backs
of the Weil-Petersson current exist as long as points with smooth fibers
are present. 
5. Determinant Line Bundle
5.1. BGS-Theorem and Bott-Chern form. For a proper, holo-
morphic map f : X → S of complex spaces we use the notation
Rf∗ : Khol0 (X ) → Khol0 (S) for the direct image functor in the derived
category (extended to the Grothendieck group). We assume that f
is flat, and that ξ is a locally free OX module. Then the Knudsen-
Mumford determinant (detRf∗ξ)−1 commutes with base change ([KM,
p. 46]). We denote the Knudsen-Mumford invertible sheaf by
λ(ξ) =
(
detRf∗ξ
)−1
.
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We will need the Quillen metric on determinant line bundles. Accord-
ing to Bismut, Gillet, and Soule´ [BGS], the Grothendieck-Hirzebruch-
Riemann-Roch theorem holds, in the case of a proper, smooth family
f : X → S over a smooth base space S, for distinguished differential
forms in degree 2, rather than cohomology classes, where X carries a
relative Ka¨hler structure ηX /S , and (ξ, h) a hermitian vector bundle.
We will see that in our situation ηX /S is only of auxiliary nature.
Theorem 5.1 ([BGS]). Denote by td and ch resp. the Todd and Chern
character forms. Then
(11) c1(λ(ξ), h
Q) = −
[∫
X /S
td(X /S, ηX /S) · ch(ξ, h)
](1,1)
.
The statement of the theorem was verified also in the case where S
denotes a reduced complex space in [FS, Section 12].
In [AS] we used the results by Bismut [Bi1, Bi2] about the gener-
alization of (11) to singular families, together with the formulas from
[OTT1, OTT2].
In the above situation, let η˜X /S be a further relative Ka¨hler form.
Denote by hQ, and h˜Q the respective Quillen metrics on λ(ξ). Then
(in our notation) the corresponding Bott-Chern form is denoted by
T˜ d(ηX /S, η˜X /S):
(12)
√−1
2π
∂∂ t˜d(ηX /S, η˜X /S) = td(ηX /S)− td(η˜X /S)
Theorem 5.2 ([BGS, (0.4)]). When the relative Ka¨hler form ηX /S is
replaced by η˜X /S the Quillen metric is multiplied by the exponential of
the component of degree zero of the following integral:
(13) h˜Q = exp
[∫
X /S
t˜d(ηX /S, η˜X /S) · ch(ξ, h)
](0)
· hQ
A calculation of the Quillen metric in a degenerate situation was
achieved by Yoshikawa [Yo]. We will describe his result briefly.
5.2. Barlet class. The Barlet class B(U) of continuous functions of
one complex variable is defined as follows: Let 0 ∈ U ⊂ C, then
ϕ(t) ∈ B(U), if
ϕ(t) = f0(t) +
m∑
ℓ=1
n∑
k=0
|t|2ri(− log |t|)kfℓ,k(t)
for some r1, . . . , rm ∈ Q ∩ (0, 1] and f0, fℓ,k ∈ C∞(U) for ℓ = 1, . . .m,
k = 1, . . . , n. We denote functions equivalent up to the Barlet class
(≡B), if their difference is contained in B(U).
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5.3. Yoshikawa’s result. Yoshikawa considers the following situa-
tion; we keep his notation: Let X be a compact (connected) Ka¨hler
manifold of dimension n+ 1 with Ka¨hler metric gX , S a compact Rie-
mann surface, and π : X → S a surjective holomorphic map. Let U be
the universal hyperplane bundle of rank n = dimX/S over P(TX)∨,
and let H := OP(TX)∨(1). The map q : X˜ → X denotes a resolution of
singularities of the Gauss map µ (cf. [Yo] for details). The Gauss map
is holomorphic over the regular locus of π so that q is a modification,
whose exceptional locus E ⊂ X˜ is a simple normal crossings divisor,
which is mapped under q to the singular fibers of π. The Gauss map
with singularities resolved is denoted by µ˜.
Theorem 5.3 (Yoshikawa [Yo, Theorem 1.1]). Let t denote a local
holomorphic coordinate near a singular value of π such that the singular
point corresponds to the value t = 0 with X0 = π
−1(0). Let (ξ, h) be a
(virtual) hermitian holomorphic vector bundle.
Up to an element of the Barlet class the following identity holds
(14)
log ‖σ‖2Q,λ(ξ) ≡B
(∫
E∩q−1(X0)
µ˜∗
{
td(U)
td(H)− 1
c1(H)
}
q∗ch(ξ)
)
log |t|2
where σ is a local section of the determinant line bundle given by a local
coordinate function t vanishing at the singular point of the map.
6. Application of the BGS-Theorem
Let Z ⊂ PN be a projective manifold, equipped with a positive line
bundle (LZ , hZ) such that ωZ = c1(LZ , hZ)) is a Ka¨hler form. We
may assume that (LZ , hZ) is the line bundle OZ(1) equipped with the
Fubini-Study hermitian metric.
We consider the family (9) of embedded subvarieties of dimension n
over an irreducible component D ⊂ DZ . We define ωX = ωZ|X as
above inducing a relative Ka¨hler structure.
We denote the restriction of (pr∗1LZ , pr
∗
1hZ) to X by (LX , hX ),
and we denote by ξ the element (LX −OX )⊗(n+1) of the Grothendieck
group, which carries an induced hermitian metric (as element of the
Grothendieck group).
We use the earlier argument showing that
(15) ch(ξ, h) = c1(LX , hX )
n+1 + . . . = ωn+1
X
+ . . .
so that the term in degree (n+1, n+1) of the integrand in (11) equals
ωn+1
X
.
Let (ξ, h) be a hermitian virtual vector bundle of the above type.
Now the following problem arises when applying the BGS-Theorem
to the hermitian virtual vector bundle (ξ, h): For our special choice that
satisfies (15) the integrand in (13) does not depend upon the relative
Ka¨hler form that is used to compute the relative Todd character. only
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the term of degree zero, namely the number 1 matters. However, this
fact does not imply right away that the corresponding Quillen metric
on the determinant line bundle is independent of the choice of the
auxiliary relative Ka¨hler form ηX /S for the family X → S.
Proposition 6.1. Let (ξ, h) be a hermitian virtual vector bundle of
degree zero. Then
c1(λ(ξ), h
Q) =
[∫
X /S
ch(ξ, h)
](1,1)
.
Moreover, the Quillen metric hQ does not depend upon the choice of
the relative Ka¨hler form ωX /S.
Proof. The first statement follows from (15), and Section 3. For the
second statement we refer to Theorem 5.2: Again the term of lowest
degree in the integrand of (13) is of degree (n + 1, n + 1) so that the
degree zero term of the fiber integral (13) is identically zero. 
Proposition 6.2.
(i) The Knudsen-Mumford determinant line bundle
λKM(ξ) = detRf∗
(
(LX −OX )⊗(n+1)
)−1
is defined over the irreducible componentD of the Douady space.
(ii) Over the locus D′ of embedded submanifolds
(16) c1(λ(ξ), h
Q) = ωWP for λ(ξ) = λKM(ξ)−1
holds.
(iii) The Weil-Petersson current is defined over D and possesses lo-
cally plurisubharmonic, continuous potentials. Near points with
reduced fibers the potential can be chosen as strictly plurisub-
harmonic.
Proof. The first part was shown above. The second part follows from
Proposition 3.5, (8), (11), and (15), and the last statement follows
from the discussion in the preceding paragraph. We saw that the Weil-
Petersson norm of a tangent vector may be equal to +∞ at points
with reduces singular fibers. At points with non-reduced fibers strict
positivity cannot be expected. 
7. Application of Yoshikawa’s Theorem
7.1. Smooth base curves. Let (X , ω˜X ) be a compact smooth Ka¨h-
ler space, C a compact Riemann surface, and f : X → C a proper,
flat, holomorphic map that is smooth over the complement C ′ ⊂ C
of a discrete set. Let (ξ, hξ) be a holomorphic, hermitian (virtual)
vector bundle on X with determinant line bundle λ(ξ). Over C ′ we
have a Quillen metric hQξ . If f is the restriction of a projection map
pr : Z × C → C to X ⊂ Z × C, we consider a desingularization
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µ : Y → X (by a sequence of blow-ups of Z with smooth centers, and
restriction to the proper transform of X ), and the diagram
(17) Y
µ //
f˜ !!❇
❇❇
❇❇
❇❇
❇
X
f


 i // Z × C
pr
{{✈✈
✈✈
✈✈
✈✈
✈
C
Since C is of dimension one and smooth, the map f˜ is flat. We
establish the situation of Section 6 and assume that Z ⊂ PN , and
ωZ = c1(LZ , hZ).
Note that allowing for non-reduced fibers we do not need the semi-
stable reduction theorem. The space Y is known to be Ka¨hler, we chose
an auxiliary Ka¨hler form ωY . Concerning the notation of determinant
line bundles, we indicate the respective map as a subscript, if necessary.
Yoshikawa’s Theorem [Yo, Theorem 1.1] is applicable to the (flat)
family f˜ : Y → C together with the determinant line bundle λf˜(µ∗ξ)
and the Quillen metric hQµ∗ξ over C
′. It follows from (15) that the con-
tribution of the integral (14)vanishes, because the integrand in degree
(n, n) is identically zero. Hence Theorem 5.3 immediately implies the
following statement.
Proposition 7.1. The logarithm of the Quillen metric
log(hQµ∗ξ)
is continuous on all of C.
By Proposition 6.1 the metric hQµ∗ξ is independent of the choice of
the Ka¨hler metric on Y . Over C ′ the line bundles λf (ξ), and λf˜(µ
∗ξ)
are isomorphic. Hence hQξ corresponds to h
Q
µ∗ξ with respect to such an
isomorphism over C ′. More can be said.
Proposition 7.2. The canonical morphism Rf∗ξ → Rf˜∗(µ∗ξ) induces
a natural morphism λf (ξ)→ λf˜(µ∗ξ) so that we can identify λf(ξ) with
λf˜(µ
∗ξ)(−D) for some effective divisor D on C. Let σ be a canonical
section of OC(D). Then
(18) hQµ∗ξ · |σ|2 = hQξ
holds over C ′ with respect to the above identification of determinant
line bundles.
Note that for λf (ξ) over C a Quillen metric is not defined. However,
we can use (18) to define such an extension hQξ to all of C, which is a
singular hermitian metric on C. Its curvature might not be a positive
current unless D = 0.
Since the Weil-Petersson current possesses local continuous poten-
tials, restrictions to subspaces that intersect the regular locus of the
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restricted family are well defined. We now can identify a local potential
for the Weil-Petersson current by Proposition 7.1, and Proposition 7.2
according to Theorem 5.3. It turns out that the Weil-Petersson cur-
rent, as it was defined by the fiber integral (10), can be computed from
the pullback of ξ to a desingularization and the continuous extension
of the Quillen metric in the sense of Yoshikawa.
This means that theWeil-Petersson form is determined by the Quillen
metric taken for the desingularization.
(Observe that the process is independent of the choice of the desingu-
larization, since further blow-ups with smooth centers of non-singular
spaces do not change the cohomology, and since (13) together with
(14) imply that also the Quillen metrics are invariant under this fur-
ther process.)
Theorem 7.3. Let ωWPC be the Weil-Petersson current for a family
(17). Then
ωWPC = c1(λf˜(µ
∗ξ), hQµ∗ξ).
Proof. We have
ωWPC =
∫
X /C
ωn+1
X
=
∫
Y /C
(µ∗ωX )
n+1 = c1(λf˜ (µ
∗ξ, hQµ∗ξ)),
where the first equality holds by definition (10). The second equality
holds, because the fibers of µ are connected, and the third equality is
a consequence of Proposition 6.1, Theorem 5.3, and Theorem 4.1. 
In particular, we have seen that log(hQµ∗ξ) can serve as a continuous
potential for ωWPC . Combining this with Proposition 7.2 we get the
following immediate consequence.
Corollary 7.4. The Weil-Petersson current is equal to
(19) ωWPC = c1
(
λf(ξ)⊗OC(D), 1|σ|2h
Q
ξ
)
= c1(λf(ξ), h
Q
ξ ) + [D]
where [D] denotes the current of integration along D with (positive,
integer) multiplicities.
7.2. Singular base curves. We now discuss the situation, where the
base curve C is allowed to be singular.
The statement of this section remains valid, if C is a singular, com-
pact, locally irreducible, complex curve in the following sense.
Let ν : Ĉ → C be the normalization, and X̂ = X ×C Ĉ. As above
we take a desingularization µ : Ŷ → X̂ :
Ŷ
µ //
f˜ ❅
❅❅
❅❅
❅❅
❅❅
X̂
f̂

ν̂ // X
f

Ĉ
ν // C.
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We use that fact that according to [FS, Section 12] the BGS-Theorem
is valid on the locus where the given family is smooth. The base change
theorem provides us with a morphism ν∗Rf∗ξ → Rf̂∗(ν̂∗ξ), in particu-
lar we get a morphism ν∗λf (ξ)→ λf̂ (ν̂∗ξ), and like in Proposition 7.2
there is a morphism λf̂ (ν̂
∗ξ)→ λf˜(µ∗ν∗ξ).
Let C ′ ⊂ C be the locus of non-singular fibers of f . We know from
[FS] that (11) holds also at the singularities of C ′. Hence there is an
effective divisor D′ supported on ν−1(C \ C ′), and a canonical section
σ′ of O
Ĉ
(D′) such that
(20) hQµ∗ ν̂∗ξ · |σ′|2 = hQν̂∗ξ .
This equation implies the existence of a singular hermitian metric hQξ
with ν∗hQξ = h
Q
ν̂∗ξ.
Again, because of the existence of a continuous potential for a Weil-
Petersson metric the pullback ν∗ωWPC is well-defined. We now are able
to include the locus of singular fibers of f , Hence
(21) ωWP
Ĉ
= ν∗ωWPC = ν
∗c1(λf(ξ), h
Q
ξ ) + [D
′].
One can see that (21) yields an analogous statement to Corollary 7.4:
ωWPC = c1(λ(ξ), h
Q
ξ ) + [D],
where the current of integration [D] =
∑
mj [pj ], mj ∈ N, in (19) has
to be replaced by a similar current with mj ∈ Q, mj > 0. Again,
hQξ is a singular hermitian metric (which is not necessarily of positive
curvature): In order to see this, we take a high order multiple mD,
which descends to the curve C.
8. Singular hermitian metrics and residues
Proposition 8.1 ([Sch1, Sch2]). Let Z be a complex manifold and
B ⊂ Z a smooth, connected divisor. Let Z ′ = Z \ B. Let (L ′, h′)
be a holomorphic line bundle together with a singular hermitian metric
over Z ′ of positive curvature in the sense of currents. Then (L ′, h′)
can be extended to Z as holomorphic line bundle (L , h) equipped with
a singular hermitian metric (of positive curvature) provided the Chern
form c1(L
′, h′) extends to Z as a positive current ω. In this case
(22) c1(L , h) = ω + α[B]
where [B] denotes the current of integration along B, and 0 ≤ α < 1.
The general version of the result is the following.
Theorem 8.2 ([Sch1], cf. [Sch2, Theorem 1]). Let Y be a reduced
complex space and A ⊂ Y a closed analytic subset. Let (L′, h′) be
a holomorphic line bundle on Y ′ = Y \ A equipped with a singular
hermitian metric whose Chern current c1(L
′, h′) is positive. We assume
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that there exists a desingularization of Y such that the pullback of ωY ′
extends as a positive, closed (1, 1)-current.
Then there exists a modification τ : Y˜ → Y , which is an isomorphism
over Y ′ such that (L′, h′) extends to Y˜ as a holomorphic line bundle
equipped with a singular hermitian metric, whose curvature form is a
positive current.
In the situation of the Theorem let B = τ−1(A); this set can be
chosen as a simple normal crossings divisor with components Bi. In
order to relate the statement to Proposition 8.1 a desingularization
µ : Z → Y˜ of the logarithmic pair (Y˜ , B) is necessary, and the pull-
back of the line bundle to Z ′.
Note that an extension of a holomorphic line bundle L ′ from Z ′ to Z
is a holomorphic line bundle L , whose restriction to Z ′ is isomorphic
to L ′, where the isomorphism is taken in the holomorphic category,
and may involve transcendental holomorphic functions.
In this section we will discuss the problem to what extent such an
extension is unique.
Setup. Let (L , h) be a holomorphic line bundle over a complex man-
ifold Z equipped with a singular hermitian metric, whose Chern form
is trivial when restricted to Z ′ = Z \ B. Here B denotes a connected,
smooth divisor, and later a simple normal crossings divisor.
We first treat the local, smooth situation: Let ∆ ⊂ C and ∆∗ ⊂ C be
the unit disk, and the punctured unit disk resp. Let B = {0} ×∆n−1,
and let [B] be the current of integration along B. On ∆∗ ×∆n−1 and
∆n we use coordinates z = (z1, z′) = (z1, z2, . . . , zn).
Given a holomorphic function a−1(z′) ∈ O({0} ×∆n−1) we define a
current T as follows. For a differentiable function ϕ(z) with compact
support on ∆n we set
T (ϕ) =
∫
B
a−1(z′)
∂ϕ(z)
∂z1
dVn−1
where dVn−1 =
(
√−1)n−1
2n−1
dz2 ∧ dz2 ∧ . . . ∧ dzn ∧ dzn.
Lemma 8.3. Any function χ ∈ L1loc(∆n,R), whose restriction to
∆∗ ×∆n−1 is pluriharmonic can be written as
(23) χ = β log(|z1|2) + Re(a−1(z′)/z1) + Re(F (z1, z′)),
where β ∈ R, a−1 ∈ O({0} ×∆n−1), and F ∈ O(∆n). In particular
(24)
√−1
2π
∂∂χ = β[B] + T,
where T is as above.
Proof. The first contribution in (23) reflects the monodromy: For suit-
ably chosen β we have χ− β log(|z1|2) = Re(f), for some holomorphic
function f ∈ O(∆∗ ×∆n−1). Since f ∈ L1loc(∆∗ ×∆n−1) the principal
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part of f is equal to a−1(z′)/z1 so that f(z) = a−1(z′)/z1 + F (z). The
term β log(|z1|2) yields the current of integration β[B].
We now set n = 1, z = z1, and let ϕ(z) ∈ C∞0 (∆,R) be a function
with compact support. Then
(25)
∂ϕ
∂z
(0) = −
∫
∆
1
πz
∂2ϕ
∂z∂z
√−1
2
dz ∧ dz.
We interpret this equation as
−√−1∂∂
(
1
z
)
= 2π
∂
∂z
∣∣∣
z=0
in the sense of currents.
For arbitrary n let the letter ϕ denote a real (2n − 2)-form with
compact support on ∆n. We consider the integral
(26) − 1
2π
∫
∆n
f(z)
z1
√−1∂∂ϕ
and apply the Fubini-Tonelli theorem. Write
ϕ =
∑
(−1)i+jϕi(z) dz1∧ . . .∧ d̂zi∧ . . .∧dzn∧dz1∧ . . .∧ d̂z∧ . . .∧dzn.
Because of Stokes theorem the only possibly non-vanishing contribution
in (26) comes from the coefficient ϕi,1. Now (25) implies that (26) is
equal to
cn
∫
∆n−1
a−1(z′)
∑ ∂ϕi,1
∂z1
(0, z′)dVn−1,
with cn = 2
n−1(
√−1)n−1(−1)n(n−1). On the other hand, the contrac-
tion
(27) f(z)
∂
∂z1
x ∂ϕ
∣∣∣
{0}×∆n−1
restricted to {0} ×∆n−1 as a differential form equals
cn
∑
a−1(z′)
∂ϕi1
∂zi
(0, z′)dVn−1.
Again the (n, n− 2)- and (n− 2, n)-components of ϕ do not contribute
to the integral along ∆n−1 of the term (27). 
The lemma generalizes to the complement of a snc divisor: Let
χ ∈ L1loc(∆n,R) be a function, whose restriction to (∆∗)k × ∆n−k =
{(z1, . . . , zn)} is pluriharmonic.
Lemma 8.4. Let χ be as above. Then
(28) χ =
k∑
j=1
βj log |zj|2 + Re(
k∑
j=1
Gj/z
j)
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where βj ∈ R, and Gj ∈ O(∆n). In particular
(29)
√−1∂∂χ =
∑
j
[Bj ] + T
where [Bj] is the current of integration along V (z
j), j = 1, . . . , k and
T =
∑
Tj with Tj analogous to T in (24).
Definition 8.5. Let Z be a complex manifold an B a snc divisor. Let v
be a section of the normal bundle NB|Z , and denote by x the contraction
of a vector field and a differential form.
Then we define a current Tv of dimension (1, 1) on Z by
(30) Tv(ϕ) = Sv(dϕ),
where
Sv(ψ) =
∫
B
Re(v) xψ
for any (2n− 1)-form with compact support.
At this point, we assume for simplicity that B consist of one com-
ponent.
We want to study holomorphic line bundles (L , h), equipped with
a singular hermitian metric, whose restriction to Z ′ = Z \B is isomor-
phic to the trivial bundle (OZ′, 1) equipped with the trivial hermitian
metric. We consider a suitable covering of Z by coordinate neighbor-
hoods (Ui, (z
1
i , . . . , z
n
i )) with B ∩ Ui = V (z1i ) and z′i = (z2i , . . . , zni ) and
generating holomorphic sections ei of L |Ui. We set hi = ‖ei‖2h, and
χi = − log hi. We will use the term of a flat Q-line bundle on Z for an
element of Pic(Z)⊗ Q such that an integer multiple is induced by an
ordinary line bundle that possesses a flat structure.
Theorem 8.6. Let (L , h) be a holomorphic line bundle on Z equipped
with a singular hermitian metric, whose restriction to Z ′ = Z\B is iso-
morphic to the trivial line bundle (OZ′, 1) carrying the trivial hermitian
metric.
Then the line bundle L on Z carries a flat structure, or the following
statements hold.
(i) As a Q-line bundle the line bundle L satisfies
L ≃ OZ(β · B)⊗ L,
where β is a rational number, and L a flat Q-line bundle.
(ii) We have
χi = β · log(|z1i |2) + 2Re
(
ai(0, z
′
i)
z1i
)
,
where
v = ai(0, z
′
i)
∂
∂z1i
determines a holomorphic section of the normal bundle NB|Z .
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(iii) The Chern current is equal to
(31) c1(L , h) = β[B] + Tv.
In particular, the closed current Tv has support in B.
The corresponding statement holds, ifB is a snc divisor by Lemma 8.4.
Proof. Let gij be transition functions for L on Uij = Ui ∩Uj such that
ei = gijej . By (23)
χi|(Ui \B) = βi log(|zi|2) + 2Re
(
fi
zi
)
for certain holomorphic functions fi ∈ OUi(Ui), βi ∈ R, and the coor-
dinate functions zi = z
1
i with V (zi) = B ∩ Ui can be identified with
canonical sections of OZ(B) over Ui.
We observe that the holomorphic contribution of fi(z
1
i , z
′
i)/z
1
i can
be disregarded, as these only amount to coordinate transformations
of the fiber coordinate of the line bundle L . So we can assume that
fj(z
1
j , z
′
j) = fj(0, z
′
j).
Let the transition functions γij define the line bundle OZ(B) with
respect to {Ui} so that zi = γijzj.
The equation hi = |gij|2hj implies
log |gij|2 = χj − χi
= (βj − βi) log |zj|2 + βi log |γji|2 + 2Re
(
fj − γjifi
zj
)
,
|gij|2 = |zj |2(βj−βi) · |γji|2βi ·
∣∣∣∣exp fj − γjifizj
∣∣∣∣2 .
Since gij is holomorphic and non-zero at all points of B ∩ Uij , this
equation implies
βi = βj =: β and fj = γjifi .
In particular
|gij|2 = |γji|2β,
and the fi/zi determine a holomorphic section of OZ(B). Let the given
singular hermitian metric on OZ(B) be denoted by k with ki = k|Ui.
Then the above equation implies that hik
β
i = hjk
β
j = ϕ is globally
defined, and hence c1,R(L ) = −β · c1,R(OZ(B)) ∈ H2R(Z,Z). This
implies β ∈ Q, unless c1,R(OZ(B)) = c1,R(L ) = 0.
We are left with the case β ∈ Q. We choose holomorphic logarithms
of gij and γij . (These are not unique). We can write
gij = γ
β
ij ηij ,
where the ηij are constants of modulus one. So far we do not have
cocycles on the right hand side. Let m · β ∈ Z. Then the constants ηmij
define a cocycle with values in U(1), i.e. a flat line bundle. 
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The analogous statement holds for a snc divisor B.
9. Application to Douady spaces
Let D be a component of the Douady space of subvarieties of a
projective variety Z that has a non-empty intersection with the locus
of smooth subvarieties. The Douady space is taken in the category of
reduced complex spaces. However, from this point on we will restrict
ourselves to the category of normal parameter spaces and explain later,
why this is sufficient.
Let X →֒ Z ×D → D denote the universal family. We consider a
very ample line bundle on Z, equipped with the Fubini-Study metric
and its restriction (L , h) to X . As above, we denote by D′ ⊂ D the
locus of smooth subvarieties. Let A = D \D′.
We know from Section 4 and Section 6 that the Weil-Petersson cur-
rent, which we denote by ωWP
D
, extends the Chern form of (λ(ξ)|D′, hQξ ),
and that it has a continuous plurisubharmonic potential. For any base
change map g : R → D with g(R) 6⊂ A the current ωWPR = g∗ωWPD is
well-defined, and it plays the role of a Weil-Petersson current for the
pulled-back family.
In particular the Chern form of (λ(ξ)|D′, hQξ ) extends to any desin-
gularization of D as a positive current, and the assumptions of Theo-
rem 8.2 are satisfied. This yields the following fact.
Proposition 9.1. After taking a modification τ : D˜ → D that is
an isomorphism over D′, the determinant line bundle (λ(ξ), hQξ )|D′
extends to a holomorphic line bundle λ
D˜
on D˜ together with a singular
hermitian metric h
D˜
, whose curvature current is positive in the sense
of currents. Also, we may assume that B := τ−1(A) is a snc divisor
with components Bi.
In codimension two
(32) c1(λD˜, hD˜) = ω
WP
D˜
+
∑
j
βj [Bj ]
holds, where βj ∈ R, and the [Bj ] denote currents of integration along
the divisors [Bj].
We observe that on the regular part of D˜ the decomposition (32) is
equal to Siu’s decomposition (cf. [D2, (2.18)]), in which the residual
part ωWP
D˜
has vanishing Lelong numbers, and where only finitely many
currents of integration occur.
Lemma 9.2. The Quillen metric hQξ on λ(ξ), which is defined over
D′, induces a singular hermitian metric on λ(ξ) over D, i.e. − log hQξ
is locally of class L1 with respect to D.
We will use the same notation hQξ for this metric over D.
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Proof. We use the fact that hQξ has positive curvature on D
′. Let ξ˜
be the pullback of ξ to X ×D D˜. In Section 7 we studied restrictions
to curves: By (18) and (20) the restriction of hQ
ξ˜
to a curve C (not
contained in B) is of the form |σC |2hQµ∗(ξ˜|C), where h
Q
µ∗(ξ˜|C) is a singular
hermitian metric with a continuous local potential for − log hQ
µ∗(ξ˜|C),
and σC a canonical section of OC(B∩C). (The map µ was constructed
depending on C in Section 7.)
Since we are dealing with projective algebraic varieties, the multiplic-
ities of the functions σC in (18) and (20) resp. are uniformly bounded.
Now we can take a canonical section σB for the snc divisor B = τ
−1(A)
and a high multiple M so that
− log(hQ
ξ˜
/|σB|2M)|C
is subharmonic and not identically equal to −∞ for all curves C not
contained in B. Namely, we know that on such a curve C the met-
ric hQ
ξ˜
divided by some power (depending upon C) of the canonical
section is continuous so that by taking M large enough the potential
− log(hQ
ξ˜
/|σB|2M) tends to −∞ when approaching the set B. Also this
guarantees semi-continuity of the extension. We use the definition of
plurisubharmonic functions on normal spaces by Grauert and Remmert
from [GR]. Restricted to any local analytic curve intersecting B the
function is obviously subharmonic. In any case, the above potential
extends as a plurisubharmonic function to B by assigning the value
−∞. Now 1/|σB|2M is a singular hermitian metric so that hQξ˜ is also a
singular hermitian metric.

Outline of the construction. Over the space D the determinant
line bundle λ(ξ) is defined by the flat universal family, and we know that
the Quillen metric overD′ defines a singular metric on λ(ξ) over all ofD
by Lemma 9.2. On the other hand there exists a holomorphic extension
of (λQξ , h
Q
ξ )|D′ in the sense of Proposition 9.1, which is based uponon
the existence of the Weil-Petersson current. The latter possesses a
continuous potential by Proposition 3.5, and Theorem 4.1. However the
extension provided by the theorem is only unique up to an isomorphism
in codimension one. Such isomorphisms are treated in Theorem 8.6. In
this way extra terms occur, namely a flat line bundle L, and an exact
current Sv, which is induced by a holomorphic section of the normal
bundle of the critical divisor. The latter term will be eliminated by
Yoshikawa’s Theorem.
We keep the assumptions from Proposition 9.1 and Lemma 9.2.
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Theorem 9.3. There exists a desingularization µ : D̂ → D˜ of the
logarithmic pair (D˜, B) together with a flat holomorphic line bundle L
on D˜ such that for an integer m ∈ N the following statements hold:
(i) In codimension two we have
(33) λ⊗m
D˜
= τ ∗λ⊗m(ξ)⊗ O
D˜
(∑
mβj ·Bi
)
⊗ L,
and L is holomorphically trivial over the preimage of D′. On
D̂ we have
λ⊗m
D̂
= µ∗τ ∗λ⊗m(ξ)⊗O
D̂
(∑
mβ̂j · B̂i
)
⊗ L̂,
where the B̂i are the components of the snc divisor µ
∗B, β̂i ∈ R,
and L̂ is a flat line bundle on D̂.
(ii) The Quillen metric hQξ locally written as e
−χQ
ξ pulled back to D̂
locally satisfies the relation
χQξ = χ
WP +
∑
β̂i log |zi|2,
where the continuous functions χWP are local potentials for the
Weil-Petersson current, and the functions zi define canonical
sections of O
D̂
(B̂i).
(iii) The Chern current of (λ(ξ), hQξ ) satisfies
ωWP
D̂
= µ∗τ ∗c1(λ(ξ), h
Q
ξ ) +
∑
γi[B̂i], γi ≥ 0.
Proof. The line bundles τ ∗(λ(ξ)), and λ
D˜
exist on all of D˜. We apply
Theorem 8.6 to D˜ in codimension two first with numbers βi for each
component of B given by this theorem. It follows from the construction
that the line bundle O
D˜
(
∑
βi · Bi) is defined over all of D˜, since the
divisors Bi exist as (Cartier) divisors on all of D˜ (cf. Theorem 8.2 and
remark thereafter). Now the line bundle L can be defined by (33) on
the whole space D˜. So far it is holomorphic, and flat in codimension
two. Theorem 8.6 is applied to the pullbacks to D˜ of the above bundles,
which implies the second part of (i).
In order to compute the Quillen metric hQξ pulled back to D̂ we apply
Theorem 8.6(ii,iii) – it is necessary to see that the sections v and the
related exact current Tv vanish, which is a consequence of Yoshikawa’s
Theorem (Proposition 7.1, and Proposition 7.2). This is the last step.
We restrict (32) to a curve C that is not contained in A, and pull the
data back to the proper transform C˜ with respect to τ . We consider
the restriction c1(λD˜, hD˜)|C˜ = c1(λD˜|C˜, hD˜|C˜), which is meaningful
since C has a non-empty intersection with D′. On the right hand side
of this equation we have the restriction of the Weil-Petersson current,
which has a continuous potential, and furthermore we have the current
of integration
∑
j β∗j [Bj∩C˜]. For the restriction of the Weil-Petersson
THE WEIL-PETERSSON CURRENT ON DOUADY SPACES 23
current to C˜ we consider (19) and (21) resp. These show that for the
Quillen metric hQξ on the determinant line bundle λ(ξ)
− log hQξ
is continuous over such curves up to logarithmic poles, a fact that
implies the absence of a current Sv. 
Non-normal structures. Currents, and singular hermitian metrics
on holomorphic line bundles on non-normal, reduced complex spaces
are usually defined as currents on the normalization and singular her-
mitian metrics on the the respective line bundles pulled back to the
normalization. By [Sch2, Theorem 2] the extension theorem holds also
in the non-normal case, as well as our main result.
Ampleness modulo boundary. It would desirable to apply gen-
eral results on restricted volumes of line bundles to Douady spaces,
which in particular require that the Weil-Petersson current ωWP is a
Ka¨hler current. At points with reduced fibers strict positivity was
shown in [AS]. To include points with non-reduced fibers the weakly
semistable reduction theorem of Viehweg [Vi] is necessary.
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